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Compact Modeling of the Noise of a
Bipolar Transistor Under DC and AC

Current Crowding Conditions
Jeroen C. J. Paasschens

Abstract—The effect of current crowding on dc, on ac, and
in particular on the noise characteristic of bipolar transistors,
is studied. An equivalent circuit able to model these effects is
presented. General formulations to calculate current crowding in
arbitrary geometries are derived. Both rectangular and circular
geometries are discussed in detail.

Index Terms—Analog simulation, bipolar transistors, current
crowding, equivalent circuits, noise, spice.

I. INTRODUCTION

RECENTLY, modeling the noise of bipolar transistors has
received a lot of attention. This modeling is necessary for

accurate prediction of noise behavior in radio frequency (RF)
circuits. In a number of papers, the minimum noise figure and
other quantities are being calculated from currents and resis-
tances [1]–[4], or in terms of -parameters [5], [6]. All of these
models predict the noise in terms of the measured (or mod-
eled) currents and small-signal parameters, such that there is
no need for difficult noise measurements. Compact transistor
models [7], [8] like Mextram [9] and Hicum [10] predict dc, ac
and noise behavior based on a number of extracted parameters.
Preferably, also these parameters can be extracted without noise
measurements.

Crucial for the development of these models is a good under-
standing of: 1) the microscopic noise sources of a bipolar tran-
sistor and 2) the transfer of these sources to the transistor ter-
minals. Unfortunately, not all details are being understood, as is
argued in [11]. Furthermore, not a lot of attention has been paid
to the effect that current crowding has on the noise behavior.
Some of the older literature discusses the subject [12]–[15] and
even some experimental results are available [16]. In the light
of recent noise modeling developments, it is necessary to recon-
sider the effect of current crowding on noise again. It should be
noted that for modern transistors, dc current crowding is often
not relevant for the smallest emitter widths, although for larger
emitter widths it can be significant.

Our goal is to give a compact transistor model consisting of
an equivalent transistor circuit suited for dc, ac, and noise sim-
ulations, and expressions for each of its elements. The model
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should give the same behavior as the transistor which has a dis-
tributed base resistance. Furthermore, we would like the model
to be simple.

We will show that the equivalent circuit that is being used in
most compact models is actually sufficient. For dc and ac oper-
ation this is not surprising, since it is already being used exten-
sively. We do present for the first time an emitter-geometry in-
dependent analysis, which can then be used to consider specific
geometries. The fact that the simple standard equivalent circuit
is sufficient to also describe the effect of current crowding on the
noise is new. Previous publications [12]–[15] use more compli-
cated equivalent circuits, having extra internal nodes.

In fact, we show that modeling the current crowding does not
affect the intrinsic model. All of the current-crowding effects
can be modeled by elements between the intrinsic and extrinsic
base nodes. Furthermore, both for the dc and noise behavior,
these elements do not depend on the elements of the intrinsic
model. This also means that we get less correlated noise sources,
compared to earlier analysis, which simplifies implementation
in circuit simulators. This not only makes the modeling of cur-
rent crowding itself simpler, it also gives much more freedom
in making the intrinsic transistor model, because it becomes in-
dependent of the current-crowding model.

After the general analysis, we show explicit results for the
circular emitter (which results in analytical expressions) and the
rectangular emitter (for which we find interpolation formulas for
implementation into a compact model).

Although we take a simple intrinsic transistor model in our
analysis, we will argue that many of the other effects, like
Early-effect, base-charge modulation, base-collector charge,
and avalanche current do not change the model needed to
describe current crowding effects.

II. CURRENT CROWDING

Current crowding is a result of the difference in base resis-
tance that the various current paths of the transistor see. In Fig. 1,
we show a schematic cross-section of the transistor. The corre-
sponding schematic circuit is shown in Fig. 2. The resistance
discussed here is the resistance of the pinched base; that part of
the base that is under the emitter.

In dc operation, the difference in voltage drop over the
pinched-base resistance leads to a larger forward bias close to
the emitter perimeter than in the middle of the transistor, leading
to a larger collector current density. When the collector-base
bias is very large the base current can become negative due to
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Fig. 1. Schematic cross section of the distributed transistor. Current crowding
effects take place in the pinched base region. Schematic base current flow lines
in half of the transistor are depicted.

Fig. 2. Schematic circuit representation of the distributed transistor, where
parts of the transistor at different locations see different total resistances to the
base node B . The situation depicted here shows the distribution along only
one dimension, using only four discrete resistors. In our analysis, we consider a
continuous distribution of resistance and the more general case of crowding in
two dimensions.

avalanche, and pinch-in occurs [17], [18]. In ac operation, the
resistance has a similar effect.

Both dc and ac current crowding have an effect on the amount
of resistance the base current sees while going from base to
emitter. Both will therefore also have an effect on the amount
of thermal noise of the base that is transferred to the terminals.
(The amount of thermal noise generated is independent of cur-
rent flow. Not all of that thermal noise is transferred to the ter-
minals, however.)

III. INTRINSIC TRANSISTOR

Before we go to the full calculation of the distributed tran-
sistor, we first give the equations of the intrinsic transistor, i.e.,
without base resistance. Its equivalent circuit is shown in Fig. 3.
The expressions of the intrinsic transistor will be the basis of
the distributed approach of the next section, in which a lot of
intrinsic transistors are connected via the base resistance, as
shown in Fig. 2.

A. DC Behavior

For the dc currents, we write

(1)

Here, is the thermal voltage, is the saturation
current and is the current gain. Because the nonideal base
current is often only relevant at low currents, we neglect it. A
description of the noise in the nonideal base currents (relevant in
for instance III-V HBT’s) is difficult because those currents are
no longer dominated by diffusion. They are therefore outside the
scope of this paper. For a discussion about high-current effects,
see Section IX.

B. AC Behavior

For the discussion about the ac behavior (and also the noise
behavior discussed below), we show the small-signal version of

Fig. 3. Equivalent circuit for the intrinsic transistor. On the left the large-signal
circuit, on the right the small-signal circuit. The base node of this intrinsic
transistor is called B , to distinguish it from the node B of the distributed
transistor in Fig. 2. The charge Q models base-charge partitioning. For
a discussion of other relevant elements like the base-collector charge and
avalanche current, see Section IX.

the equivalent circuit in Fig. 3. For the intrinsic transistor, we
take

(2)

The limit for zero frequency of is . The last step,
where we give the base-admittance as a frequency-dependent
factor times the voltage dependent term , is a good
approximation, as was argued in [14]. Note that this general
way of presenting also allows a simple extension to higher order
frequency effects, if needed.

In the practice of compact modeling, only first-order
frequency effects are taken into account because of the imple-
mentation in terms of charges. For those situations, we can
write . The effective transit time can be found
from (2). This approximation should be enough for frequencies
such that , which means for frequencies well below the
maximal cutoff frequency.

Also in the small-signal collector current a charge contribu-
tion can be present. Although we will neglect base-collector
(depletion) capacitance contributions for the moment (see Sec-
tion IX), there can be a contribution due to charge partitioning
(related to excess phase shift). This contribution also depends
exponentially on the voltage. The small-signal collector admit-
tance is therefore similar to that of the base

(3)

where the transconductance is the zero-
frequency limit of .

C. Noise Behavior

The thermal noise of the intrinsic transistor manifests itself
as shot-noise, where the noise density is proportional to .
Transit time effects in the base affect the transfer from the local
noise sources to the terminals [19]–[22], see also [23], [24]. As
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a result, the base and collector current shot-noise terms become
frequency dependent and correlated

(4a)

(4b)

(4c)

The factors and are real, whereas is com-
plex. We assume the various pre-factors bias-independent,
as far as the analysis of current-crowding is concerned, just as
many other terms, see Section IX. In the limit of zero frequency

and , which gives the familiar
relations implemented in most compact models.

IV. DISTRIBUTED APPROACH

In this section, we consider the distributed transistor shown
in Fig. 2. The results of this section will be used to define the
elements in the much simpler equivalent circuit of Section V.

The distributed transistor of Fig. 2 has a total base current
and a total collector current , as well as a total base cur-

rent noise source and , shown schematically in Fig. 4.
Furthermore, the transistor has small-signal admittances

and (we disregard output and feedback ad-
mittances and for now). In this section, we will derive
expressions for these quantities.

A. DC Current Crowding

DC current crowding has already been discussed in many
publications [25]–[32]. Therefore, we only need to state our as-
sumptions and notation, but also give the equations we will need
further on. In extension to previous publications, we will con-
sider a general shape of the emitter area.

We consider the two-dimensional base current flow in the
pinched base, which has a sheet resistance . We assume this
flow to be lateral under the emitter region, having an area .
The lateral current density in the base is denoted by (dimen-
sion ). At each position in the base the transversal current
density (dimension ) that goes from the base to the
emitter is given by a simple exponential relation, that depends
on the difference between the local base
voltage and the constant emitter voltage

(5)

Note that the current density flows perpendicular to .
The equations that describe dc current crowding are then

Ohm’s law and a continuity equation, respectively

(6a)

(6b)

The total base current can be expressed as

(7)

Fig. 4. Circuit which gives the total currents and total current noise sources
for the part of the transistor including the intrinsic transistor and the resistance
of the pinched base. The charge contributions are not shown.

The integral here and all integrals below are over all of the
emitter area. Because the current gain is taken constant over
the base, the local and therefore also the total collector current
is proportional to the base current

(8)

The differential equation for the voltage can be found from
(6) by eliminating the current density

(9)

We need to solve this equation under the condition that
everywhere on the boundary of the pinched base. (Another

condition is that there are no singularities in the solution, which
we need in for instance circular geometries.)

The solution of (9) will form the basis of the small-signal
and noise analysis below. In Sections VII and VIII, we present
explicit results.

B. AC Current Crowding

The small-signal equations can be found from (6) by adding
a small-signal component to both the voltage ( ) and
the current densities ( and ). The
equations for the small-signal terms then become

(10)

The small-signal current is found from the small-signal be-
havior of the intrinsic transistor

(11)

The differential equation for can then be found from (10)

(12)

with for any point on the boundary.
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The small-signal variation in the voltage also leads to a
change in the base current ( ). The expression for

is, using (11)

(13)

For the noise analysis, we also need the small-signal collector
current , for which it holds that

(14)

The total small-signal collector current is then

(15)

As one can see, the ratio between the total small-signal collector
and base currents is the same as in the intrinsic model. The ad-
mittances are now and .

C. Noise Behavior

To discuss the distributed noise effects, we start with the
small-signal equations above. We then add the Langevin noise
sources , , and , representing the noise of the
base resistance and the base and collector shot noise currents,
respectively. The equations we get are

(16a)

(16b)

(16c)

where is the noise voltage that is to be determined. (Here
we use instead of for distinction with the ac analysis.)
The boundary condition we use is . This means that

on all points on the boundary.
Before we solve (16) we need to give the statistical properties

of the Langevin noise sources. We start with the shot-noise terms
and . Locally, these should give the same results as that

of the intrinsic model, given in (4). This means that
should be proportional to the local current density from base
to emitter , with of course a pre-factor . Further-
more, the noise should be local, which means that the noise at
one position is not correlated to another position . This re-
sults in

(17a)

(17b)

(17c)

Here, is the Dirac delta function.
The other noise source is simply a voltage noise

source describing thermal noise. It is therefore proportional to
times the local resistance

(18)

where is the Kronecker delta ( only when and
zero otherwise). The thermal noise term is uncorrelated to

and . Correlation in the extrinsic currents results from
interaction of the noise sources and the rest of the equivalent
circuit.

Now that the noise sources are given, we can return to the
solution of the set of differential equations (16). The formal so-
lution of the voltage is given in Appendix A. We do not need an
actual expression for . The total current noise sources and

can be expressed in terms of the auxiliary function .
This can be found in terms of the solution of (12) as

(19)

(see Appendix A). This means that to be able to find usable
expressions for the noise, we first need the ac (and dc) solutions
for the same transistor geometry.

The result for the total current noise sources, as derived in
Appendix A, is

(20a)

(20b)

These solutions will be used in the following sections to find the
noise sources of the simpler equivalent circuit.

V. EQUIVALENT CIRCUIT

The behavior of the distributed transistor has been given in the
previous section. We now have to give an equivalent circuit with
expressions for all its elements, that gives the same behavior
as the distributed transistor. In this section, we will discuss the
equivalent circuit. In the next section we will then derive the
expressions for all elements.

In Fig. 5, we show the equivalent circuit we propose. This
equivalent circuit is already used in advanced compact models
[7], [8], like Mextram [9] and Hicum [10]. For a complete
model, more elements are needed—see Section IX.

The added value of our work is not so much in the equivalent
circuit of Fig. 5. As mentioned, the equivalent circuit is already
being used. Rather, we will show that all intrinsic elements (i.e.,
the ones between nodes and E or between nodes C and E) do
not contain current crowding effects. In other words, these el-
ements are the ones one would have in case there was no base
resistance at all. They are discussed in Section III. All current
crowding effects can be modeled by the elements between the
extrinsic and intrinsic base nodes and . Especially for an-
alytical noise modeling, this approach is new.

Many models for the base-resistance exist (see [29] for var-
ious definitions of base-resistance and [30] for a comparison of
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Fig. 5. Equivalent circuit we propose for the intrinsic transistor together
with the resistance of the pinched base. In practice, the diode-like currents
I and I are implemented as nonlinear voltage-controlled current sources.
For a discussion of other relevant elements like the base-collector charge and
avalanche current, see Section IX.

various models). We find that the most practical way to imple-
ment the variable resistance is to use a voltage controlled current
source . Implementing a current-controlled voltage source
[31] will often lead to an extra degree of freedom in a simulator.
We will show below that for the calculation of the noise one can
use neither the dc nor the ac resistance.

The charge is also nonlinear, just as the charges ,
. Whereas the current only depends on the voltage
, the charge depends also on (via the deriva-

tives of ), as we will show below.
In literature, two equivalent circuits for modeling crowding

effects in the noise have been presented. For the single-sided (or
double-sided) contacted base, the equivalent circuit used in [12]
and [13] has the disadvantage that the resistance of the pinched
base is split into two parts, adding an extra node to the circuit.
Another equivalent circuit was introduced for a circular geom-
etry [14], but later used for rectangular geometries as well in
[15] (in which it is also argued that expressions found in [12],
[13] were inexact). This equivalent circuit is unnecessarily com-
plex. In both equivalent circuits, many of the noise sources are
correlated to other noise sources. The only correlation that needs
to be taken into account in our approach is the correlation in the
intrinsic transistor that would be there even without base resis-
tance, see Section VI-C. Even though the current noise source

is uncorrelated to the other noise sources, the equivalent
circuit takes care of correlation that exists between the external
noise sources and . It is important to realize that ,
which depends only on the voltage and not on parts of the
intrinsic transistor, contains contributions from both the thermal
noise and shot-noise .

VI. LUMPED APPROACH

In this section, we will derive the expressions for all the el-
ements in the lumped circuit given in Fig. 5 in such a way that
the behavior of the lumped circuit is the same as that of the dis-
tributed transistor of Fig. 2 or Fig. 4.

A. DC Behavior

Let us first consider the dc behavior of our lumped approach.
For the collector and base currents, we will use the same expres-
sions as for the intrinsic model, i.e (1). The condition that the
collector current and base current need to be the same as
the total collector current and total base current from
Fig. 4, then determines the value of the voltage difference .

Next we need to find a relation between the base current
and the voltage difference . The solution of

the differential equation (9) gives an expression for . If
we take the value of at any point of the boundary
of the pinched base we have, from the definition (5) of and
the boundary condition, that

(21)

Since the solution of (9) gives a relation between the base cur-
rent and , it is possible to express in terms
of . Eliminating from (1) and (21), we find a relation for
the voltage difference

(22)

where the right-hand-side can be expressed as function of
. Equation (22) therefore gives the relation between

and that we need for the implementation of a compact
model. Many results have already been presented that give this
relation in specific cases [25]–[32].

Note that it is possible that the relation between and
is only implicit. In that case one needs to find a suitable

approximation for use in the compact model. For example, in
the rectangular emitter no explicit relation is available, and an
approximation is needed—see Section VIII.

1) Low-Current Limit: For compact modeling, it is useful
to express the relation between and in terms of
the effective low-current resistance of the pinched base .
This is defined as the low-current limit of ,
and can be expressed as a geometry-dependent factor times the
sheet resistance . How this can done for general geometries
is shown in Appendix B. For a circular geometry, one has [27]

(see also Section VII). For rectangular
geometries with the base contacted on all four sides, our exact
analytical result (73) from Appendix B is too complicated to be
used in practice. A good approximation (based on simulations)
has been given in [33] for general emitter width over length

ratios

(23)

(we replaced the value 28.6 used in [33] by the more accurate
value 28.45 we found in Appendix B). This approximation is
less than 5% larger than our exact result for all values of

, and approaches the exact result both for very long
emitters and for square emitters.
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B. AC Behavior

Also for the ac behavior, the elements of the intrinsic part of
the transistor in Fig. 5 are taken the same as those of the circuit
in Fig. 3. The small-signal version of the equivalent circuit is
given in Fig. 6. The expressions for the intrinsic transistor given
in Section III-B also remain unchanged. This is allowed because
the ratio of the small-signal collector and base currents is not
influenced by current crowding, as shown in Section IV-B, (15).

We need to determine the admittance of the branch be-
tween nodes and . It can be found from the admittance

of the total circuit, derived in Section IV-B, using
. This results in

(24)

In the limit for zero frequency, we can make use of
and to find the zero-

frequency limit of as . Hence, an
expression for can be found once the dc current crowding has
been analyzed. For low currents (and voltages), we obviously
have .

Apart from the conductance of the - branch, we also
need to find the charge . We do this by taking only terms
up to the first order in frequency, such that we can write

(25)

Once we have determined , we can find , and, at least
in principle, integrate this to find the charge .

Often the combination of dc current crowding (inhomoge-
neous current flow) and ac current crowding is too difficult to
handle analytically. One then considers ac current crowding
without dc current crowding. This leads to a normal -
transmission line model (but for the moment in an arbitrary
geometry) where the capacitance is given by the base-emitter
capacitance . For such a transmission
line model the equivalent circuit at low frequencies contains
a capacitance that can be given by a factor times the
capacitance . The factor depends on geometry only. In
the case of a rectangular base it is 1/5 [34], which is being used
in many cases. For a circular geometry it is 1/3, as we show in
Section VII. The charge in the - branch can then be given
as

(26)

C. Noise Behavior

Next we consider the noise behavior. From our distributed
analysis, we found expressions for and . We want to
map these two expressions on the equivalent circuit of Fig. 5.
This circuit contains three noise sources, so there is some
freedom in doing this. From inspection of (20b) for follows

Fig. 6. Small-signal equivalent circuit belonging to the large-signal equivalent
circuit of Fig. 5. Base-collector capacitance and excess phase shift are discussed
in Section IX.

the natural choice to express the collector current noise source
of the lumped circuit as

(27)

This equations tells us simply that the collector current noise
source is just the unweighed sum of all local contributions.
This choice for leads to a natural expressions for also
and to zero correlation of both shot-noise sources with , as
we will show next.

For the determination of the other two noise sources and
, we consider the circuit in Fig. 6. From this circuit, we find

the total noise sources in terms of the three elementary noise
sources as

(28a)

(28b)

The -parameters of the small-signal circuit are known from the
small-signal analysis. The two noise sources and of our
equivalent circuit can then be found from

(29a)

(29b)

For the base current noise source we find, using (20a) and
(29)

(30)

So also for the base current noise source, we find that it is just
the unweighed sum of all local contributions.



PAASSCHENS: COMPACT MODELING OF THE NOISE OF A BIPOLAR TRANSISTOR UNDER DC AND AC CURRENT CROWDING CONDITIONS 1489

The noise of the resistive part can also be found from (29),
using the expressions (20) for and

(31)

Now that the three current noise sources are given, we can
consider their statistical properties. Using the expressions for

and the properties of the noise sources given in (17), we
find

(32)

In the same way, we find and . The resulting
equations are the same as that of the intrinsic transistor we
started with, given in (4). In Appendix C, we show that

(33)

In other words, in the lumped model the base and collector cur-
rent shot noise sources, and the noise source parallel to the re-
sistor are uncorrelated. The only average for which a simple ex-
pression cannot be given is . We give a full expression
in Appendix C. The relevant expression for compact modeling
is discussed below.

As mentioned before in Section III-B, for compact modeling
only terms up to the first order in frequency are relevant in prac-
tice. In general, all even-order terms of frequency dependent
quantities are real; all uneven order terms are purely imaginary.
This means that all real numbers do not have a first-order con-
tribution in and are therefore independent of up to the first
order. Up to the first order in frequency, we thus find

. The noise equations in (4) then lead the well-known
relations and . When
we consider the correlation between base and collector current
noise sources, we can use that . So for low fre-
quencies , with a noise delay time [21], [22].

For the noise in the resistor-branch, we find from (77), up to
the first order in frequency

(34)

Here, is the zero-frequency limit of , defined in (19), just
as and . Since the differential
equation for is simpler than that for , it is easier to find so-
lutions in particular geometries and from that calculate .
Whether we can find an expression for in practice de-
pends very much on whether we can find a solution for
and in the first place, and if we can, whether
can be integrated analytically. Only in the case of a circular
emitter we were able to find a simple expression, which we give

in Section VII. For the rectangular geometry, we present an ap-
proximation in Section VIII.

VII. CIRCULAR GEOMETRY

In the previous sections, we have given formulations for de-
scribing the current crowding behavior in general geometries.
Now we consider specific geometries, the results of which can
be used in compact models. We start with the circular geometry,
because this allows us to give analytical results [27]. Further-
more, a circular geometry can be relevant for small emitter sizes
[31]. Most of our results are equivalent to those of [14], although
our final results are simpler, mainly because our equivalent cir-
cuit is different (and also simpler) as discussed above.

A. Dc Current Crowding

In a circular geometry, we take the emitter to be located in
the region . The effective low-current resistance is

, comparable to that of a square emitter
contacted on all sides, —see Appendix B. The
expressions we give below will be expressed in terms of

(35)

Note that . The solution of dc current crowding
is

(36)

which can be verified by substitution in (9), using (5). Substi-
tuting the solution (36) in (22), we find the relation between
current and voltage of the - branch

(37)

expressed as a voltage-controlled current source.

B. AC Current Crowding

For the small-signal results, we can directly find
and from the dc solution given above. Next
we consider the frequency dependence. We will take into ac-
count only terms up to the first order in frequency (see Sec-
tion III-B) and write . Blasquez [14] has given
a solution for from (12) in terms of a hyper-geometric se-
ries. For zero frequency the solution is , with

(38)

The solution of Blasquez [14] contains all orders in fre-
quency. In our opinion, this is not useful if the starting point
itself, i.e., , contains only the first order in frequency. Unfor-
tunately, we were not able to take the low-frequency limit of
the full expression directly. Instead, we solved the differential
equation to the first order in frequency. The result is

(39a)

(39b)
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Fig. 7. Noise in the resistance branch i i in a circular geometry,
normalized to the zero-bias value 4k T�f=R for the exact solution (41)
(solid) and the two incorrect results (42) (dashed) and (43) (dotted).

This result can be verified by substitution, and has, to our knowl-
edge, not been presented before. Now that we have a solution of

, we can calculate , using the results from Section IV-B. To
the first order in frequency, we get

(40)

This factor 1/3 is different from the factor 1/5 found in rectan-
gular geometries. Although for low currents this factor can be
found from [14], we show here that it is valid for all current
levels.

C. Noise Behavior

For the noise behavior the only quantity for which the calcu-
lation is nontrivial is , which we can find from (34). For
this we need , with given in (38).
The result is

(41)

From this expression, one might think that the first term is due
to the noise in the resistance, while the second term is due to
the base shot noise. The contribution of the base shot noise
to is, however, only , which can also be
found from the results in [15].

We can compare the result (41) with the standard result
, with the resistance. For this re-

sistance one can take either the dc resistance ,
resulting in

(42)

or the ac resistance , resulting in

(43)

In Fig. 7, we compare the three results. The results coincide only
for zero bias, where no dc current crowding is present. As one
can see, to model the noise correctly it is not possible to just

use the standard noise expression for a resistor, as is being used
in most models like Spice-Gummel-Poon. As can be expected,
as a result of current crowding not only the resistance becomes
nonlinear, also the expression for the noise really needs to be
calculated separately.

VIII. RECTANGULAR GEOMETRY

For the rectangular geometry, many results are already
known, starting with the work of Hauser [25]. For complete-
ness’ sake, we repeat the important ones. We then consider
the large-current limit to be able to give an interpolation for

.

A. DC Current Crowding

The geometry we choose is a part of a rectangular emitter,
having a length and a width . It is contacted only
on one side, at . The line is a symmetry axis of
the transistor, of which we consider only half. It is known that

. For this geometry, we have

(44)

All expressions will be given in terms of an integration constant
. We can find and from (7) and (22)

(45)
We see that the relation between and can only be
given implicitly in terms of . To circumvent the implicit anal-
ysis, an approximation is needed. We use that of Groendijk [28],
discussed in Section VIII-D.

B. AC Current Crowding

For the differential (12), no solution is known that includes
both high currents and nonzero frequency. The zero-frequency
limit of can be found directly from the dc solution above.
The solution for at zero frequency is given by

(46)

We need this for the noise analysis.
The small-current limit leads to a normal transmission-line

model and solutions have been known a long time [34]. For
completeness sake, we just recall that in (26) we have
at low currents.

C. Noise Behavior

Just as in the case of a circular emitter, the only thing we need
to calculate here is . It follows from (34), with

, where is given in (46). It is possible to
do the integration analytically, but the result is in terms of poly-
logarithmic functions that are too complicated to use in compact
models. We will therefore present interpolation formulas in the
next section.
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D. Interpolation Formulas

Since it is not possible to give analytical results in the case of a
rectangular emitter, we need to revert to interpolations. For these
interpolations, we use the approach that Groendijk [28] used for
dc current crowding. Groendijk calculated both the low-current
limit and at the high-current limit and from those found an inter-
polation. We will extend this to ac and noise behavior. We will
first analyze the high-current limit, where (the low
current limit is simply with corresponding
ac and noise expressions).

For very high currents, the current will only be appreciable
close the boundary. The various quantities will decrease over a
length scale . The value of can be found from the decrease
in current density close to the boundary

(47)

The value of is then found by taking the limit of (47) for
. We find

(48)

To find the base-to-emitter current density at high cur-
rents, we make use of the limit

(49)

for given in (44). At high currents, only positions close to
the boundary are relevant, so we only need to consider small
values of . The above limit is then equal to 1. Therefore, at
high currents, we can write

(50)

Again, we can find from —see
(22). This leads to the relation

(51)

Using this high-current result, the interpolation Groendijk [28]
found for all current levels is

(52)

This interpolation is correct within 4% for and within
10% for . The expression has the correct limits for

and for (hence including reverse op-
eration). In Fig. 8, we show the differential resistance of both
the exact solution and the interpolation formula. The correspon-
dence is quite good for forward currents. For reverse currents,
relevant for collector voltages above the collector-emitter break-
down [17], [18] it is still acceptable.

Fig. 8. Differential resistance dV =dI normalized to R , both for
the exact solution from (45) (solid) and from the interpolation (52) (dashed).
The x-axis is V for V = 0:025 V. For other values of V , the x-axis
can be read as 0:025V � (V =V ). Clearly, in forward mode the fit is much
better, but even in reverse it is within 14%.

Next we extend this approach to ac behavior. As in the case
of the circular emitter, we take . The solution
we find for the small-signal voltage in the high-current limit is

(53)

again, to the first order in only. The small-signal admittance
of the - branch is then

(54)

This is exactly the same result as for the circular geometry at
high currents ( ). The reason for this is that for ex-
tremely large current crowding the actual geometry is no longer
relevant. Everything happens close to the boundary, and even the
curvature of the boundary becomes irrelevant. This also means
that (54) is valid at high currents for all geometries.

For the noise behavior at high currents, we use (19), (34), and
(53) to find

(55)

Note that this result is the same as that of the circular geometry
at high currents. Using the high-current limit, we propose as an
interpolation formula for the noise the expression

(56)

This expression is not more than 6% from the exact result men-
tioned in Section VI-C (computed numerically and for positive
base currents). We show the exact and interpolation formulas in
Fig. 9.

IX. DISCUSSION OF ADDITIONAL PHYSICAL EFFECTS

In our analysis above, we assumed a rather ideal model for
the intrinsic transistor. Here, we discuss the effect of things we
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Fig. 9. Noise parallel to the base resistance i i normalized to R =
4k T �f , both for the exact solution from (34) (solid) and from the
interpolation (56) (dashed), as function of V (for V = 25 mV, see also
Fig. 8). For values of V < �100 mV both lines start to deviate from each
other. The exact normalized noise goes rapidly to 4/9; the approximation goes
slowly to 1/3.

neglected and some of the nonidealities on the current-crowding
model.

We assumed that a lot of quantities are constant across
the emitter. Examples are the current gain (including Early
effects), the base-emitter and base-collector depletion capac-
itances and the sheet resistance . Although these quantities
do depend on bias, we assume that the voltage drop over the
base resistance is small enough—compared to the exponential
behavior of the diode currents—to take them constant for our
analysis. They are important, but do not have an effect on the
way we model current crowding.

Let us consider the effect of avalanche current, which can be
given as . Here is the multiplication factor. We
assume weak avalanche, meaning that . The total
base current is then

(57)

As we did for the current gain itself, we assume that the base-
voltage dependence of the multiplication factor itself (over the
emitter area) can be neglected. The base current is then still pro-
portional to the collector current and still scales with .
All our derivations remain valid, and so do the expressions we
found for the - branch in terms of . Modeling cur-
rent crowding is therefore not influenced by weak avalanche, al-
though the total base current becomes smaller or even negative.
Note that the weak avalanche current also generates noise by it-
self [35]. This noise can be neglected compared to the shot noise
of the collector (for weak avalanche), as long as the voltage is
below breakdown [36], [37].

For a full compact model, it is necessary to consider also
high-current effects. The relevant question for this work is
whether high-current effects influence the expressions for
current crowding. The base-emitter diode current itself does not
show high-injection effects, due to the high emitter dope (and
the fact that the base current is much smaller than the collector
current). High-current effects do influence the modulation of
the sheet resistance . This can been taken into account, but

does not give very different results [32] from what we pre-
sented. We have seen that the intrinsic model can be considered
independently of the current crowding model. In the case of
high-injection effects, in the collector this is no longer fully
true. The model becomes too complicated, however, if we try
to add all the complexity of the collector current model to the
current crowding model. We therefore do not take that into
account.

Our general results are valid for all frequencies. In compact
models, elements are described by currents or charges. This
limits the description to the first order in frequency. (Higher
order in frequency is a result of more internal nodes and hence
more elements.) For practical implementation in compact
models, our noise model therefore can be limited to the first
order in frequency as well. We have shown results for the two
relevant geometries in this limit.

We have not explicitly considered the base-collector deple-
tion capacitance. This capacitance can be taken into account
using appropriate expressions for the frequency dependence
terms and . (As before, we will take the base-col-
lector capacitance to be constant as far as current crowding is
concerned.) The fact that admittance then also contains a
term that is located between the base and collector instead of
between the base and emitter does not change the derivations
for current crowding. It only changes the implementation of the
intrinsic model.

As a last point of discussion, we consider excess-phase shift.
This is the effect that the collector current is delayed with re-
spect to the emitter current. The effect this has on the noise was
already taken into account by using a nonzero correlation be-
tween base and collector shot noise terms ( ). For im-
plementation in the intrinsic model, two methods are possible.
One of them is using in the small-signal circuit in-
stead of only. A large-signal version also exists [38] and is
being used. An alternative is to use base-charge partitioning, in
which case a part of the diffusion charge is put between base
and collector (or emitter and collector) instead of between base
and emitter. We have shown this term using the charge in
Fig. 3. In both cases, there is no effect on the current-crowding
model, just as for the elements discussed above.

X. CONCLUSION

We have shown that it is possible to separate current-
crowding effects from all the effects that play a role in the
intrinsic transistor. This means that it is possible to make an
accurate model of a transistor consisting of an intrinsic tran-
sistor containing all the terms that would be there without base
resistance, and a branch that contains the base resistance and
all its current-crowding effects. The intrinsic model is therefore
independent of base resistance and current crowding. This gives
a large freedom in making the intrinsic model as accurately as
needed, without worrying about current crowding. The model
for the dc current crowding and for the noise is independent
of the intrinsic transistor. For ac current crowding, the most
accurate model is found by using the base-emitter capacitance
to model the charge in the - branch.
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We have also shown that the noise in the - branch is more
complicated than just the thermal noise of a lumped base resis-
tance that is implemented in most compact models. We show
how to calculate this noise as function of .

We have shown that for the most relevant geometries, that
of a rectangular emitter and that of a small circular emitter, it
is possible to give explicit expressions that model the current
crowding. In both cases, the expressions found show a transition
between linear low-current behavior and exponential high-cur-
rent behavior. Also, negative base-currents are modeled. The
approximate current-crowding expressions for dc, ac and noise
behavior that are valid for the rectangular geometry have been
implemented in the publicly available compact model Mextram
[9].

APPENDIX A
DERIVATION OF TOTAL CURRENT NOISE SOURCES

Here, we present some of the details of the derivation in Sec-
tion IV-C. The starting point are the differential equations (16).
By eliminating the current , we find an equation for the voltage

, as follows:

(58)
We introduced the auxiliary function , defined by

(59)

to make the notation below easier. The formal solution for
can be given in terms of a (complex) Green’s function

(60)

The differential equation for the Green’s function is

(61)

We do not need an actual solution for this Greens function,
but only use it in intermediate results. We do need the auxiliary
function , defined by

(62)

This function obeys the differential equation

(63)

Both for the Green’s function and for , the boundary condition
is the same as for the voltage of Section IV-C: they are zero
on the boundary. Comparing (63) with (12), we see that we can
express in terms of the solution of from Section IV-B

(64)

Using the Green’s function for intermediate results, we can
now express the total collector current noise and total base cur-

rent noise in terms of the auxiliary function and of course in
terms of the noise sources. We start with the base current and
find

(65)

In the partial integrations above, we used the condition that
vanishes on the boundary. In the same way, we find for the total
collector current

(66)

APPENDIX B
CALCULATION OF SMALL-CURRENT RESISTANCE

We want to find the value of , the effective resistance
at small currents, in terms of the sheet resistance . For small
currents, the voltage in the base is almost constant (hence there
is no dc current crowding). The local base-emitter voltage only
differs by a small amount from (which is yet unknown).
For the function , defined in (5), we can therefore write

(67)

Next we express in terms of the dimensionless quantity as
. Combining (7) and (67) leads to

(68)

The effective resistance can then simply be given as

(69)

For finding , we need to solve (9), re-expressed in terms
of . We are still considering small currents so we only need the
lowest relevant order of , which is here only the constant
part of (67). The differential equation (9) then becomes

(70)

The boundary condition is that at all points of the
boundary, which follows from the boundary condition for ,
i.e., .
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As an example, we consider a rectangular emitter with the
base connected at all sides (and not only at one or two sides as
in Section VIII), for which the general expression is not well
known. A general expression for the voltage in a rectangular
geometry, such that the boundary condition is obeyed, is given
by , where

(71)

where ( ) is the emitter length (width). Solving the dif-
ferential equation gives

(72)

when both and are odd, and otherwise. One then
finds

(73)

where . Equation (73) gives the analytical equa-
tion for the simulated results of [33].

For a square emitter contacted at all four sides, we find

(74)

From numerical device simulations, a value of was
found in [31]. In the limit for ( ), we
retrieve the well-known result for a long base contacted on two
sides: .

APPENDIX C
STATISTICAL PROPERTIES OF

In this Appendix, we calculate the statistical properties of
. From the total noise currents, one can find the noise cur-

rents of the lumped circuit: from (27), from (30), and
from (31). The correlation between and is then

given by

(75)

In the third step, we used (24) to express in terms of
and (64) for the definition of . In the last step, we

used (7) and (13) for expression involving integrals over .
In the same way, we find .

To calculate , we need an intermediate result, using
(18), (63), and (59) in the different steps, as follows:

(76)

In the second step, we used Green’s first identity and in the third
step the differential equation (64). In the last step, we used the
fact that the result must be real. Using (76) we can find we find
an expression for . We can then use the same equations
we used in deriving (75) to find

(77)
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