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1.1 Key Words
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1.2  Summary

1. Abnormal operating conditions, indicating devel oping wear or possible imminent failure, can
manifest as characteristic signalsin the vibration spectrum of the machinery.

2. The vibration spectrum can be computed by direct evaluation of the DFT or by using the FFT
algorithm. It is shown that the FFT algorithm adds a significant overhead in memory use and
produces only a minor reduction in computation when only a limited number of vibration
frequencies are of interest.

3. Caculation of the DFT in no more than 16 frequency binsis shown to be effective at determining
the characteristic features of amplitude modulation, phase modulation and impul sive noise present
in vibration data measured by the MM A9550L's accel erometer.

4. Reference C code showsthat the MMA9550L is capable of computing 16 DFT binsfrom al three
accelerometer channels, in real time at kHz rates, and isideally suited for this application.

2 Freescale MMA9550L Architecture

FreescalesMMA9550L integrates a 3-axis 8-bit to 14-bit MEM S accel erometer, an 8 MHz 32-bit Coldfire
processor core, 16 KB flash memory and 2 KB SRAM into asingle 3 mm by 3 mm 16 pin package drawing
less than 5 mW power. The MMA9550L is targeted towards applications requiring processing of
accelerometer dataat low cost and low power. The MMA9550L communicates with an external processor
over a2 Mbps slave 1°C bus or viaan interrupt pin.

The MMA9550L accelerometer isconfigurableto operate in £2¢g, £4g and +8g modeswith 8-bit to 14-bits
resolution at sampling rates up to 3.9 kHz. A 400 kbps master 1°C interface allows additional
accelerometers or other sensorsto be interfaced to the MMA9550L..

2.1  Single Axis Discrete Fourier Transform

The Discrete Fourier Transform (DFT) X(w) of the N point sampled accelerometer x-axis data series |[] at
normalized angular frequency w (or frequency fin Hz) is:

N-1
X(o) = zx[n]e‘“"n Eqn. 1
n=0
N-1  orifn
X(f) = Zx[n]e " Eqn. 2
n=0
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w and f are related through the sampling frequency fg by:
o = = Eqgn. 3

w and f are limited between the negative and positive Nyquist frequencies:

M<OST Egn. 4

The frequency resolution achievable from atime series of N data pointsimproves proportionally to N and
it is common practice to evaluate the DFT X[K] at N equally spaced normalized angular frequency bins

W[K:

ol[k] = N Eqgn. 6
N-1 _(M
X[KI = 3" x{nle N Eqn. 7
n=0
N _,_N
—§<kS§ Eqgn. 8
The range of k in Equation 8 does not include k = ‘—ZN sinceit iseasily verified that x[_—zN—J = x[?} .

The value of the DFT for vibration analysisis that frequencies present in the time series x[n] are
transformed into peaks at the appropriate DFT frequency bin. Specificaly, if x[n] is acomplex sinusoid
with amplitude a[l] and normalized angular frequency (] = ZWTE' then:

2xiln
x[n] = a[l]e N Eqgn. 9
N-1 _(2nikn N-1 (Znigl—k)n)
XIKI = [K] = 3" xinle N o allly e N Eqn. 10
n=0 n=0
For k = |, Equation 10 simplifiesto:
X[11 = Na[l] Eqgn. 11
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For k=1, equation 10 is the sum of a geometric progression which evaluates to zero:

2mi(l —k)
{1-¢ L =o Eqn. 12

s {1_6@#—@)}

A sinusoid at normalized angular frequency w [l] therefore manifests as a peak of value Nofl] in bin | of
the DFT with all other bins zero. Since the DFT isalinear operator, an input time series comprising the
sum of sinusoids of multiple frequencies has a DFT with peaks at those frequencies with magnitude
proportional to those of the component sinusoids. The magnitude squared of the DFT is commonly
referred to as the "power spectrum” of the input time series.

2.2 3-Axis Discrete Fourier Transform

Equation 1 can be readily extended to compute the DFTSs Y(w) and Z(w) of the two other accelerometer
data seriesy[] and Z].

The DFT amplitude A(w) of the combined spectrum from all three accelerometer channels can be
computed from the DFTs of the individual channels. Vibration frequencies present in any of the three
accelerometer channels appear without distortion in the three-axis amplitude A(w):

A(©) = J{X(@) 12+ {Y(0) 12+ {Z(0)}? Eqn. 13

The DFT should not be computed from the modulus @ n] of the three axes of acceleration signals. The
acceleration time series a[n] is non-negative resulting in harmonic distortion and the appearance of DFT
peaks at integer multiples of the original frequencies.

aln] = Jx(n1? +y[n]?+ z[n]? Eqn. 14

2.3  Advantages and Limitations of the Fast Fourier Transform
Algorithm

The computational complexity of the DFT in Equation 7 isquadratic in N sinceit involves the summation
over N data points to compute the DFT in N frequency bins. The Fast Fourier Transform (FFT) algorithm
isan extremely efficient algorithm to compute the DFT over the N equally spaced bins of Equation 7 with
computational complexity proportional to Nlog,N. Even for small data series of N = 1024 = 210 points,

10
| 2 5, = 100. For million point FFTs N = 1048576 = 220 the computational saving from
0g2(27) 20
using the FFT algorithmis

the saving is

| - =~ 50000. The FFT agorithm is therefore unarguably superior in
0g2(2™)
computational efficiency compared to direct calculation of the DFT provided that the DFT isrequired at

al N frequency bins.
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If the DFT isrequired at alower number of frequency bins M, where M < N, then the FFT algorithm may
not be the most efficient. Specifically, direct calculation of the DFT will be more efficient for M < log,N
which for N = 1024 data points occurs at M =10 frequency bins.

The FFT algorithm is efficient in using working memory since the algorithm over-writes the N input data
points with the N output data points. However, an N point FFT still requires storage of N complex values
each of which, in fixed point systems, typically consists of two 32-bit integers or 8 bytes per bin and 8N
bytes storage in total.

In contrast, the DFT calculation of M frequency bins requires 8M bytes for the complex DFT bin plus (as
will be seen later) 8M bytesfor phasor storage totaling 16M bytes. This 16M byte storage requirement for
direct DFT calculation isindependent of the number of points N used in the calculation which isamajor
advantage over the FFT for long data sequences.

Assuming that 256 bytes per accelerometer channel of the 2 KB working RAM in the MMA9550L is
availablefor spectral estimation, then the FFT algorithmislimited to just 256/8 = 32 input data points and
32 frequency bins. At a sampling rate of 2 kHz, the spectral resolution isjust 2000/32 = 62 Hz.

In contrast, the use of the DFT on asample by sample basis using the same 256 bytes of storage allowsthe
calculation of the spectrum at 16M = 256 or M = 16 unique frequency points using an arbitrary number of
accelerometer readings which in turn leads to arbitrary high spectral resolution. The 16 available
frequency bins may be positioned uniformly within £1 Hz of afrequency component giving aDFT
resolution of just 0.125 Hz. 8sx 2 kHz = 16000 accel erometer measurements will be required to achieve
that frequency resolution but this does not increase the storage requirement.

Using the FFT agorithm with the same 2 kHz sampling frequency, this same resolution requires the
storage of all 8sx 2 kHz = 16000 accel erometer measurements. Thisis not remotely feasible for the
MMA9550L nor other low cost embedded processors.

The M = 16 available frequency bins for direct sample by sample DFT calculation will normally bei)
located in the immediate vicinity of the fundamental to provide high resolution analysis and also ii) at
multiples of the machinery fundamental for broad band analysis. These situations are examined in more
detailed in the remainder of this technical note.

2.4  Modeling Engine Vibration

This section contains the results of modeling various sources of vibration disturbance on rotating
machinery and demonstrates the ability to compute their characteristics using only asmall number of DFT
bins.

A well-balanced and stable machine operating at frequency f, will creste asmall level of vibration at
frequency f, only. Increasing engine wear and loss of stability will, however:

a) increase the magnitude of the vibration at frequency f,

b) decrease the stability of the engine rotation

¢) introduce once per rotation cycle perturbations (one example being 'knocking' in internal
combustion engines)
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A simple mathematical model represents the vibration in one accel erometer axis x[n] by:

S

_ 2wy 2nfyn _ . fon
x[n] = A{1+ ecos( : n)}cos( 3 + W[n]) +B Z 8[] _f_s:| Eqgn. 15
j:—oo

The machinery vibration fundamental has amplitude A at frequency f, with amplitude modulation with
depth § at frequency fy,.

y{n] is phase modulation noise modelled as a sinusoidally varying phase error of defined frequency and
amplitude.
Thefinal termisaDirac comb function which comprises an infinite number of deltafunctions o[] centered

at intervals of f—s samples and which represents repetitive impulsive noise with amplitude B.
0

Simple Fourier analysis predicts that:
a) amplitude modulation will split the DFT peak at the fundamental frequency f,
b) phase modulation will broaden the DFT peak at the fundamental frequency fq
¢) impulse noise occurring once per cyclewill create peaksin the DFT at integer multiples of the
fundamental frequency fj,.

The next section shows that these predicted signatures can be determined using just a limited number of
DFT bins.

2.5 Simulation Results

The simulationsin this section used asampling frequency f5 of 2 kHz and an engine fundamental frequency
fo equal to 244 Hz. The fundamental vibration amplitude A was 64 bits. 5s or 10,000 data points were
analyzed into the fundamental plus 10 narrow band frequency bins and 3 broad band frequency bins.

Figure 1 shows a narrow band DFT computed in 11 bins between 243 Hz and 245 Hz in the absence of
any additional distortions. The DFT resolution of 0.2 Hz ismatched to the 5s duration of the dataanalyzed.
Only the vibration of the engine fundamental appearsin the DFT.

Narrow Band: No Distortion
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Figure 1. Narrow Band DFT with no distortion
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Figure 2 shows the narrow band DFT but in the presence of amplitude modulation of the fundamental
frequency with 0.6 Hz modulation frequency and modulation amplitude equal to 0.1%. The amplitude
modulation is clearly resolved by peaks separated from the fundamental by 0.6 Hz.

Narrow Band: Amplitude Modulation
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Figure 2. Narrow Band DFT with amplitude modulation

Figure 3 showsthe narrow band DFT in the presence of asinusoidally varying phase error with modulation
frequency of 0.1 Hz and amplitude of 0.01 radians. The broadening of the fundamental peak is clearly
visible indicating loss of frequency stability.

Narrow Band: Phase Modulation
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Figure 3. Narrow Band DFT with Phase Modulation
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Figure 4 shows the DFT computed at the engine fundamental frequency and at three harmonics of the
fundamental. In the absence of distortion, thereisno DFT energy at the higher harmonics.

Broad Band: No Distortion
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Figure 4. Broad Band DFT with no distortion

Figure 5 shows the same DFT but in the presence of repetitive impulse noise with amplitude 1 bit
occurring once per cycle of the fundamental. The impulse noise is readily detectable at the harmonics of
the fundamental frequency.

Broad Band: Impulse Noise
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Figure 5. Broad Band DFT with repetitive impulse noise

The conclusion of this section isthat calculation of the DFT at alimited number of bins can detect engine
vibration disturbances of the different types discussed. The frequencies of the DFT bins to be computed
are readily determined from the engine fundamental frequency.
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2.6 MMA9550L Software and Benchmarking

It is highly inefficient to compute the complex phasor in Equation 2 though calls to trigonometric
functions. An aternative and efficient iterative approach updates the phasor ¢[f,n] for frequency f at data
sample n by rotating the phasor ¢[f,n - 1] from the previous sample by the constant rotation angle phasor

o[f,1]:

0[f,0] =1 Eqn. 16
(=2mif)
olf,1] = e " Eqn. 17
{2 (et (2
o[ff,nl=e ° =e e 7 =¢[f,n-1]0[f, 1] Eqgn. 18
(=2mif)

The rotation phasor ¢[f, 1] = e " jsaconstant which definesthe DFT frequency of interest and only
needs cal culation once either i) by the MMA9550L from the required frequency f or, more likely, ii)
computed and downloaded to the MMA9550L by an external processor at initialization of the
MMA9550L.

Equation 2 can now be implemented in arecursive algorithm as:
X(f, 0) = x[0] Eqn. 19

X(f, n) = X(f, n+ 1) + x[n]o[f, n] Eqgn. 20

The key code kernel which executes once per sample for the computation of NBINS DFT binsfrom a
single accelerometer channel the vibration data sample x[n] is listed below.

The compiletime constant SCALING is application dependent and should be set to prevent overflow for the
typical vibration amplitude measured and the length of the accelerometer time series used in the
summation.

Thereal and imaginary components of the rotation phasor are stored in Q15 integer format where -32768
represents -1.000 and +32767 represents 0.9999.

I NT16 RePhasor1[NBINS];/* array of real parts of rotation phasor Phi(f,1) */

I NT16 | nPhasorl[NBINS];/* array of inmaginary parts of rotation phasor Phi(f,1) */
I NT16 RePhasorn[NBINS];/* array of real parts of rotation phasor Phi(f,n) */

I NT16 | nPhasorn[NBINS];/* array of imaginary part of rotation phasor Phi(f,n) */
INT32 ReDFT[NBINS];/* array of real parts of DFT bins */

INT32 InDFT[NBINS];/* array of imaginary parts of DFT bins */

INT16 temp;/* tenporary register */

I NT16 xn;/* current accel eroneter sanple from one channel */

INT16 i; /* | oop counter */

/* 1 oop over all frequency bins where the DFT is to be conputed */

for (i =0; i < NBINS; i++)
{

Using the Freescale MMA9550L for High Resolution Spectral Estimation of Vibration Data, Rev. 1
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/* update the DFT bin for sanple xn using the current frequency phasor */

ReDFT[i] += (xn * RePhasorn[i]) >> SCALI NG

IMDFT[i] += (xn * InPhasorn[i]) >> SCALI NG

/* update the frequency phasor for the next iteration */

tenp = RePhasorn[i];

RePhasorn[i] = (INT16) ((RePhasorn[i] * RePhasorl[i] - InPhasorn[i] * InPhasorl[i]) >> 15);
I mPhasorn[i] = (INT16) ((tenp * InPhasorl[i] + InPhasorn[i] * RePhasorl[i]) >> 15);

}

Four INT16sand two INT32s (totaling 16 bytes) arerequired for each DFT frequency binresulting in 16M
bytes of RAM storage per accelerometer channel for calculation of M DFT frequency bins. Thisisan
extremely small RAM footprint permitting M = 16 DFT frequencies to be computed for all three
accelerometer channelsusing just 3 x 16 x 16 = 768 bytes of the MMA9550L's 2KB internal RAM. The
RAM storage requirement is compl etely independent of the number of accel erometer data points analyzed.

The code kernel above requires just 10 arithmetic operations per accelerometer sample per DFT bin per
accelerometer channel. At sampling frequency fg and with NBINS DFT frequencies computed, the
arithmetic processing rate for all three accelerometer channelsis 10 x 3 X NBINS X fg or 480 f5 operations
per second for NBINS = 16. For fs = 2 kHz thistotals 1M arithmetic operations per second, well within the
processing capability of the 8 MHz MMA9550L.

Using the Freescale MMA9550L for High Resolution Spectral Estimation of Vibration Data, Rev. 1
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